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1 Introduction

This Article explores how root multiplicity and polynomial degree influence the
structure of the roots of a univariant polynomial. After setting up the notation,
we draw upon a result derived in [1], and show that all polynomial roots have a
common underlying structure comprising just five parameters. Finally, we present
some examples involving the lower polynomials.

Definition 1. Let P(x) = pnxn + pn−1xn−1 + pn−2xn−2 + . . .+ p0 be a polynomial
of degree n with real coefficients (pn 6= 0).

Definition 2. Let R denote an arbitrary root of P(x) = 0 with multiplicity r
(1≤ r ≤ n).

Since R is a root of P(x) = 0, it follows that

P(x) = (x−R)r Q(x), (1)

where
Q(x) = qn−rxn−r +qn−r−1xn−r−1 +qn−r−2xn−r−2 + . . .+q0.

Definition 3. Let NP (XNP , YNP) be the point on the curve y = P(x) such that the
sum of the distances of the roots of P(x) = 0 as measured from XNP is zero [2].
Let the point NQ (XNQ , YNQ) be the equivalent point on y = Q(x). More formally, NP

and NQ are the points on their respective curves where the ordinate intersects their
reduced forms. It follows that

XNP =−pn−1/(npn),

YNP = P(XNP),

XNQ =−qn−r−1/((n− r)qn−r) ,

YNQ = Q(XNQ).

1This PDF version of the original article incorporates some footnotes and an additional explanatory
figure (Figure 2). The original published version is available at doi:10.1017/mag.2021.55
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Definition 4. Let [1]
Ω2

P = X2
NP
− 2pn−2

n(n−1)pn
,

Ω2
Q = X2

NQ
− 2qn−r−2

(n− r)(n− r−1)qn−r
,

where the P and Q subscripts indicate the parent polynomial, and n is the degree of
P(x). As we will show, ΩP and ΩQ are key elements of the root structure.

Algebraically Ω is a factor of the coefficient of the xk−2 term of a reduced
polynomial of degree k [1]. Geometrically it is a visible element (line segment)
associated with the curve and varies depending on the degree of the polynomial,
as shown in Figure 1. As regards notation, Ω is typically denoted as δ in cubics
(see [2], [3]), and as ε in quartics (see [4], [5]).

2 Root expression

We are now in a position to recall the following result (2) from [1, equation 9],
which has been reformulated very slightly to suit our notation.

Definition 5.

R = XNP±
√

(n−1)(n− r)
r

Ω2
P−

(n− r)2(n− r−1)
rn

Ω2
Q (2)

For convenience we will denote (2) as the Root Expression (RE), and adopt the
notation RE(n, r) to denote the structure of a root of multiplicity r associated with
a polynomial of degree n. For example, the root structure of a double root (r = 2)
of a cubic polynomial (n = 3) will be denoted as RE(n3, r2).

It follows from (2) that all polynomial roots can be expressed in the same form
using just the five parameters n, r, XNP , Ω2

P and Ω2
Q (some of which may be zero).

The appropriate ± sign is selected according to a simple sign rule (see below).
An important constraint on the structure of a particular root (of multiplicity r)

is the overall root configuration. For example, Ω2
Q is zero whenever the remaining

n− r roots are all equal.
However, the Root Expression (2) is not an aid for solving polynomials unless,

perhaps, the Ω2
Q term is zero, since Ω2

Q cannot be determined without knowledge
of the roots of P(x) = 0. What it does offer, though, is the general structure of a
root expressed in terms of elements of the two related polynomials P(x) and Q(x),
and hence may offer some insight. It is essentially an equivalent expression for
a known root, and generally shows that a root expressed as the sum of multiple
radicals may be expressed more simply in terms of a single radical (see Examples).
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2.1 Sign rule

The correct ± sign in (2) for a given root R is the same sign as (R−XNP), since both
sides of the expression R−XNP =±

√
must necessarily have the same sign.

3 Root vectors

A useful abstraction is to regard the roots of a reduced polynomial equation of
degree n as being the orthogonal projection of the ends of n root vectors of equal
length radiating symmetrically in Rn−1 from the origin [1]. Equivalently, the
ends of the root vectors can be associated with the vertices of the relevant regular
n− 1-dimensional simplex. For example, quartic roots can be regarded as being
isomorphic with the vertices of a regular tetrahedron (see [5]).

If V denotes the length of a root vector then V = (n−1)|ΩP| (see [1]), which is
consistent with the Root Expression (2) (see Examples).

4 General case

In the case of a single (simple) root (r = 1) then RE(n, r1) derived from (2) can be
expressed as

R = XNP± (n−1)

√
Ω2

P−
(

n−2
n

)
Ω2

Q . (3)

If r = n−1 then the expression (2) reduces to R = XNP±ΩP [1], since the Ω2
Q

term in (2) is zero when r ≥ n−1 (see Example 2).
If r = n then both the Ω2

P and Ω2
Q terms in (2) are zero, and hence the expression

(2) reduces to just R = XNP .

5 Example 1 (linear case)

Here only r = 1 is possible, and hence RE(n1, r1) has the form R = XNP . For ex-
ample, if P(x) = 3x− 5, (root = 5/3), then XNP = 5/3, and hence we obtain
R = XNP = 5/3. In this case V = 0, and hence the single root consists of a point at
(XNP , 0).
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6 Example 2 (quadratic case)

In the single root case (r = 1) the expression RE(n2, r1) reduces to a succinct form
of the standard quadratic formula. For example, if P(x) = ax2 +bx+ c then

XNP =
−b
2a

,

Ω2
P = X2

NP
− c

a
=

b2−4ac
4a2 =

−YNP

a
,

and hence using RE(n2, r1) we can write

R = XNP±ΩP,

=
−b
2a
±

√
b2−4ac

2a
.

Thus here the Root Expression is also the solution. Note that this is compatible with
the RE perspective since in this case the process of selecting an arbitrary sign to
generate a root is equivalent to starting with a given root and then using the sign
rule described above. Since n = 2 then V = ΩP, and the two root vectors radiate in
opposite directions from the point (XNP ,0) along the appropriate axis a distance ΩP.

In the double-root case (r = 2) then r = n, and hence both the Ω2
P and Ω2

Q terms
in (2) are zero. Consequently RE(n2, r2) reduces to the form R=XNP . Since Ω2

P = 0
then V = 0, and hence the double-root consists of two coincident points at (XNP , 0).

7 Example 3 (cubic case)

Let P(x) = x3−9x2 +25x−25 = 0, (roots: 5, 2± i), see Figure 1.

After first presenting the solution for the single real root (R = 5), we show that
the expression RE(n3, r1) offers some useful insight regarding the circular and
hyperbolic functions used in solving cubics.

The relevant parameters of P(x) are as follows (see [2], [3]):
p3 = 1, p2 =−9, p1 = 25, p0 =−25, XNP = 3,
YNP = P(XNP) =−4, Ω2

P = X2
NP
− (p1/3) = 9− (25/3) = 2/3,

h = 2p3Ω3
P ≈ 1·0886,

cosh3θ =−YNP/h≈ 3·6742, coshθ ≈ 1·2247.

Solving for the real root 2gives [3],

R = XNP +2ΩP coshθ ,

≈ 3+2

√
2
3
×1·2247,

= 5.

(4)

2Observe that since |−YNP/h|> 1 then θ ∈ C, and hence complex roots imply complex angles.
For details regarding the solution of cubics with complex roots see also footnote 17 in the www
version of [2]: (Nickalls 1993. www.nickalls.org/dick/papers/maths/cubic1993.pdf)

www.nickalls.org/dick/papers/maths/cubic1993.pdf
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Unfortunately, it is not immediately apparent here how the product of an irrational
surd and a hyperbolic function conspires to generate an integer root. However, by
considering the expression RE(n3, r1) we gain some useful insight into this, as we
show in the following section.

7.1 Root structure

We now consider the single real root R = 5 of P(x) from the perspective of the
expression RE(n3, r1). Since r = 1 we require Ω2

Q, for which it is necessary to
determine Q(x) using the remaining roots. Since all the roots of P(x) are distinct in
this case, then Q(x) is a quadratic with distinct (complex) roots (see Figure 1).

1 2 3 4 5 6−1

−2

−4

−6

2

x

y

b

b

Q(x)
NQ

|Ω2
Q|

C(x)

P(x)

b
R

bNP

b

b

h

ΩP

Figure 1:

Figure 1 shows the relationship between the cubic P(x) (solid curve), its com-
plementary cubic C(x) = P(3XNP−2x) (dashed curve) [6], and the quadratic Q(x)
(dashed curve), as detailed in Example 3. The significance of the complementary
cubic C(x) in this context is that its real root has the same abscissa as NQ. Notice
that in this particular case |Ω2

Q| is visible as the line segment YNQ (= 1), since when
Q(x) is a monic quadratic then Ω2

Q =−YNQ (see Appendix).
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The relevant parameters are:
Q(x) = (x−2+ i)(x−2− i) = x2−4x+5,
q2 = 1, q1 =−4, q0 = 5, XNQ = 2, YNQ = Q(XNQ) = 1,
Ω2

Q = X2
NQ
− (2q0/2q2) = 22−5 =−1,

XNP = 3, Ω2
P = 2/3.

Since R is a single root (r = 1) of the cubic (n = 3), and ΩP 6= 0, RE(n3, r1) can be
expressed in the following form which mirrors (4).

R = XNP±2ΩP

√
1− 1

3

(
ΩQ

ΩP

)2

. (5)

Since R−XNP = 5− 3 = 2 (positive) we need to select the positive sign (see the
sign-rule) as follows.

R = 3+2

√
2
3

√
1− 1

3

(−1
2/3

)
,

= 3+2

√
2
3

√
3
2
,

= 5,

Comparison with (4) shows that the expression RE(n3, r1) offers the useful insight
that in this particular case

coshθ =

√
1− 1

3

(
ΩQ

ΩP

)2

=

√
3
2
, (6)

and hence we can now see that the previously mysterious integer result in (4) arises
from the product of two irrational surds, each being the multiplicative inverse
of the other. We leave it as an exercise for the interested reader to confirm that
(5) also returns the appropriate root for each of the two complex roots of P(x);
HINT: ±2i≡ (1± i)2.

Comparing (4) and (5) also shows that in this particular cubic case (ΩP 6= 0)
RE(n3, r1) offers an alternative expression for coshθ which, like the expression for
cosh3θ [3], can also be expressed in terms of polynomial elements, as follows: 3

coshθ =

√
1− 1

3

(
ΩQ

ΩP

)2

=

√
3
2
,

cosh3θ =
−YNP

h
≈ 3·6742.

(7)

3 Observant readers will notice in (7) that coshθ =
√

3/2 ≈ 1·2247 ≈ 3·6742/3 = cosh3θ

3 .
The basis for this extremely unusual finding is the well-known identity cosh3θ = 4cosh3

θ −3coshθ ,
from which it follows that cosh3θ = coshθ

(
4cosh2

θ −3
)
. Since in this case coshθ =

√
3/2, then

4cosh2
θ −3 = 3, and hence cosh3θ = 3

√
3/2 = 3coshθ . While interesting, the author recognises

that this particular example is an unfortunate one to have chosen, especially since coshθ =+
√

3/2
happens to be the only solution to cosh3θ = 3coshθ (since coshθ ≥ 1).
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Furthermore, since ΩP 6= 0, the radical expression in (7) varies continuously between
the circular and hyperbolic functions depending on the sign of Ω2

Q, as follows.

√
1− 1

3

(
ΩQ

ΩP

)2

=


cosθ , if Ω2

Q > 0;
1, if Ω2

Q = 0;
coshθ , if Ω2

Q < 0.

(8)

This is reflected in Figure 1, where the quadratic Q(x) is wholly above the x-axis,
indicating that YNQ is positive (YNQ = 1), and hence Ω2

Q is negative since Ω2
Q =−YNQ

(see Appendix).
Since n = 3 it follows that V = 2ΩP. Consequently we are able to see that

the square-root factor in (5) (equivalent to coshθ in this case), can be regarded as
representing the orthogonalisation of the root vector onto the root R on the real axis.

7.2 Cubic radicals

Finally in this example we look at the connection between the expression RE(n3, r1)
and the well known Cardan solution involving the sum of two cubic radicals (see
[2]). For example, the 2ΩP coshθ term in (4) can be expressed as follows (since in
this example Y 2

NP
> h2 and YNP < 0, see Figure 1).

2ΩP coshθ = 3

√
1

2p3

(
−YNP +

√
Y 2

NP
−h2

)
+ 3

√
1

2p3

(
−YNP−

√
Y 2

NP
−h2

)
,

= 2,

where (see above){
p3 = 1, Ω2

P = 2/3, YNP =−4,
h2 = 4p2

3Ω6
P = 32/27, coshθ ≈ 1·2247, Ω2

Q =−1.

Since h2 = 4p2
3Ω6

P, (see [2]), it follows that ΩP can be factored out from each of the
cube-root terms, resulting in the following identity,

coshθ =
1
2

3

√√√√−YNP

h
+

√
Y 2

NP

h2 −1 +
1
2

3

√√√√−YNP

h
−

√
Y 2

NP

h2 −1,

=

√
1− 1

3

(
ΩQ

ΩP

)2

.

Thus we can see that not only is the sum of the two cubic radicals (above) equivalent
to a single square-root term derived from RE(n3, r1), but also

e±θ ≡
3

√√√√−YNP

h
±

√
Y 2

NP

h2 −1 .
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8 Example 4 (quartic case)

8.1 Euler’s solution

In the case of the quartic the Root Expression (2) offers a single radical equivalent
to the well known Euler’s solution [4]. For example, in the case of a single root
(r = 1) of the quartic (n = 4) the expression RE(n4, r1), which has the form

R = XNP±3

√
Ω2

P−
1
2

Ω2
Q (9)

must be equivalent to the sum of the square-roots of each of the three roots
ei (i = 1,2,3) of Euler’s resolvent cubic E(x) of the quartic P(x), as follows:

R−XNP =±3

√
Ω2

P−
1
2

Ω2
Q =±√e1±

√
e2±
√

e3. (10)

As a numerical check on (10), let P(x) = x4−15x2−10x+24 (roots: −3, −2,
1, 4), and let the R = 1 root be the focus of calculations. Since all the roots of
P(x) are distinct, then Q(x) has three distinct roots. The various parameters are as
follows:

p2 =−15, XNP = 0, Ω2
P = X2

NP
− (p2/6) = 5/2,

Q(x) = (x+2)(x+3)(x−4) = x3 + x2−14x−24,
q1 =−14, XNQ =−1/3, Ω2

Q = X2
NQ
− (q1/3) = 43/9,

E(x) = 16x3−120x2 +129x−25, (roots: e1 = 25/4, e2 = 1, e3 = 1/4).

Using the above values, the following calculations for the root R = 1 show that
the value returned by the expression RE(n4, r1) does indeed equal that of Euler’s
solution. Since R−XNP = 1 we use the positive sign (see the sign rule).

RE(n4, r1) : R = XNP +3

√
Ω2

P−
1
2

Ω2
Q,

= 0+3

√
5
2
− 1

2

(
43
9

)
= 3

√
1
9
= 1.

Euler : R = XNP +
√

e1−
√

e2−
√

e3,

= 0+

√
25
4
−
√

1−
√

1
4
= 1.
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8.2 Triple root configuration

Finally, we look briefly at the quartic triple root configuration, since in this case
the same P(x) allows us to explore not only the triple root (r = 3), but also the
associated single root (r = 1). Note that the P(x) example detailed here is also
displayed graphically in Figure 3 of [5] (see Figure 2 below), which shows how the
ends of the four root vectors align with the four roots, and offers a bit more insight.

Let P(x) = (x+2)3(x−6) = x4−24x2−64x−48, (roots: −2, −2, −2, 6).
P(x) parameters are: p2 =−24, XNP = 0, Ω2

P = X2
NP
− (2p2/12) = 4.

8.2.1 Single root (r = 1)

RE(n4, r1) has the form shown in (9). In this case R = 6, and Q(x) is formed by
the remaining three roots. The relevant parameters are as follows:

XNP = 0, Ω2
P = 4,

Q(x) = (x+2)3 = x3 +6x2 +12x+8,
XNQ =−2, Ω2

Q = 0.

Since R− XNP = 6 (positive) we adopt the positive sign in (9), and hence the
expression RE(n4, r1) reduces to just R = XNP +3ΩP = 6, as required.

Since n = 4 then V = 3ΩP = 6, and hence this result for the single root is
equivalent to R = XNP +V = V (since XNP = 0), and the associated root vector is
therefore parallel to the real axis (see Figure 2).

•

•

•

•
•..............

..............
..............
..............
..............
..............
..............
..............
..............
..............
..............
..............
..............
..............
..............
..............
..............
.......

.................................................................................................................................................................................................................................

............................................................................................

V1

V3

V2

V4

C

3ε

−500

−4 −2 2 4 6

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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..............
...............
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..............
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.............
.............
.............
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.............
.............
.............
............

• •
•

•

•

P (x)

p4

Np

T3

I1

I2............................................................................... ................
ε

...............................................................................................

ε

........................................................................................................................................................................ ................
2ε

Figure 2:
The four root vectors of the reduced equation P(x) radiating symmetrically in R3

from centroid C (aligned with the origin), the ends isomorphic with the vertices of
an equivalent regular tetrahedron. The vector of the single root (R = 6) is parallel
to the x-axis, and hence the ends of the remaining three root vectors all have the
same x-coordinate (R =−2). ε ≡ΩP; I1, I2 points of inflection. (from [5]).
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8.2.2 Triple root (r = 3)

RE(n4, r3) has the form R = XNP ±ΩP. In this case R = −2. The other relevant
parameters are: 

XNP = 0, Ω2
P = 4,

Q(x) = x−6,
XNQ = 6, Ω2

Q = 0.

Since R−XNP =−2 (negative) we adopt the negative sign, and hence RE(n4, r3)
reduces to just R = XNP−ΩP =−2, as required.

Since V = 6, and one of the four root vectors radiating symmetrically in R3

from (XNP ,0) is parallel to the x-axis (see above), the ends of the remaining three
root vectors associated with the triple root all have the same x-coordinate (x =−2)
(see Figure 2).

9 Appendix

In the case of a monic quadratic polynomial Ω2 is visible as the line segment
equivalent to −YN , as shown in Figure 1 with regard to Q(x).

To see this, let F(x) = a2x2 + a1x+ a0 be a quadratic with real coefficients
(a2 6= 0). Since n = 2 for the quadratic, we can write (cf. Ω2

P in Definition 4)

Ω2 = X2
N−

a0

a2
, (11)

where XN =−a1/(2a2). Since YN = F(XN) (see Definition 3) it follows that

YN = F
(−a1

2a2

)
= a2

(−a1

2a2

)2

+a1

(−a1

2a2

)
+a0,

=
−a2

1
4a2

+a0 =−a2

(−a1

2a2

)2

+a0,

=−a2X2
N +a0,

i.e.,
−YN

a2
= X2

N−
a0

a2
.

But from (11) Ω2 = X2
N− (a0/a2), and hence

Ω2 =−YN/a2.

If the quadratic is monic, then a2 = 1 and hence Ω2 =−YN .
We leave it as an exercise for the interested reader to show that if a quadratic

has complex roots A± iB, then Ω2 =−B2 (see Section 7.1).
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