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1 Introduction

A new and general proof of theorem [1] is presented, which accommodates directed angles and
covers all possible configurations of line and conic. A sign convention for the use of directed
angles in this setting is developed, and examples are given showing how this fundamental
theorem can be used to establish, much more directly and succinctly, the many tangent/focus
properties of conics.

In this article, angles whose directionality needs to be taken into account in equations, are
indicated by a ~ symbol, for example €. Angles having a specified direction are indicated by

a clockwise or anticlockwise symbol, for example o.

A

Figure I: o+ B =€+ &
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THEOREM: Let AC and AD be the tangents from A to a conic with foci F] and F;. Let BC

and BD be the tangents from B. Then / ACB +/ ADB= / AF\B +/ AF,B, where / X?Z is
the rotation modulo 180° that carries line YX into line YZ.

PROOF: We need to prove o+ B = a + 52 (see Figure 1).

Take axes with origin at the midpoint of F} F,, and x-axis in the direction FTFZ it =F
then any x-axis direction will do).

Let A(x4,y4) and B(x,,yp) be two points in the plane of, and outside, an ellipse with foci
Fi(xg,,yy,) and F>(xy,,yp,). Let AC, AD, BC, BD have gradients m, my, m3, my respectively.
Let o be the angle between the tangents with gradients m; and mj3, and let 8 be the angle
between the tangents with gradients m; and my4. Let the segment AB subtend the angles &;
and & at the foci F| and F; respectively:

o = tan_l(mg)—tan_l(ml),
B = tan_l(m4)ftan_1(m2).

—_—
Let AB be allocated the arbitrary direction AB. Since C,D, Fy, F; are all on the same side of

-
AB, they must all have the same angular direction and it therefore suffices, at this stage, to
prove that o + 3 = € + &.

o+p = {tanl(m3) —tanl(m1)} + {tanl(m4) —tanl(mz)}. (1)

Rearranging gives

o+p

{tanl(m3) +tan1(m4)} - {tanl(ml) +tan1(m2)}

= tan ! mytma | tan ! mtm . 2)
1-— ms3may 1-— mimy
It is standard (see [2], p 248) that the gradients of the two tangents from P(x,,y,) to the
ellipse x> /a® +y? /b> = 1 are the roots of

mz(xlz, —a®) —m(2x,y,) —I—yf, —b*=0. 3)

Using (3) the sum and product of the gradients of tangents from A (m,m,) and B (m3,m4)
are therefore as follows.

2 2

o 2xa}’a _yu_b
ml+m2_ 2 2 mymy = 2 20
xX2—a a

2 2

_ 2xpyp oy, —b
m3+my = 5 ) m3my = — -
xbfa b*ﬂ

Incorporating these into (2), and substituting the conic relationship a> — b*> = a’¢* where e is
the linear eccentricity, gives

2x, 2x

_ -1 bYb —1 aYa

a+p = tan S, 5 (tan S 3 (>
X, —ace - —y; Xg —asem—Yy,
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— ! {yb(xb —ae) +yp(xp +ae) }
(xp — ae)(xp +ae) — 3
1 {ya(xa —ae)+y,(x, +ae) }
—tan s
(xa - ae) (xa +ae) 7)’3

1 (xh)jtae) + (x;,)zlae)
1_ ( yb ) ( = )
Xp+ae Xp—ae
Ya Ya
+
(xa+ae) (xafae)
! : : “
1— ( Ya ) ( Ya )
Xqtae Xg—ae

Bearing in mind the coordinates of the foci F; = (—ae,0) and >, = (+ae,0), one can
calculate the gradients of the lines from A and B to the foci. For example,

= tan

—tan

Ya =Y, _ Ya
Xg—Xf,  Xg—ae’

Maf, =

where my, is the gradient of the line AF. Equation 4 can therefore be expressed as follows:

a+pf = tan”! Doy £ Mbpy —tan~! § Mah T Mafy + Mafy (3)
L—mypmpp, L—mgpmap, )

= {tanl (mpy,) +tan”"! (m;;fz)} - {taﬂl (ma,) +tan”"! (mafz)} :

Rearranging gives

a+p = {tan_l(mbfl) - tan_l(muf1 )} + {tan_l(mbfz) - tan_l(mufz)} , 6)
from which it follows

a+p=¢+¢, @)

as required.

1.1 Hyperbola

Since the hyperbola is obtained from the ellipse by replacing b* by —b?, it follows that the
above result also applies to the hyperbola.

1.2 Circle

In the case of a circle, both foci coincide at the centre, and so, if €, = & = € then (7) becomes
o+ B =2e.
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1.3 Parabola

The parabola (y> = 4ax) is a special case; let its finite focus be F; (a,0). In this case (see [2];
p 189) the gradients of the two tangents from a point P(x,,y,) are the roots of

m*x, —my, +a=0. 3

Using (8) the sum and products of the gradients of tangents from A(x,,y,) and B(x,y;) are
therefore as follows.

Ya a
my+my = — mymy = —,
Xa Xa
Vb a
m3+ny = — mamy = —.
Xp Xb

Substituting these values in (2) and rearranging gives

a+p = tanl{yb }—tanl{ Ya }
Xp—a Xa—a

= tan! (mpf,) — tan~! (mag,),

from which it follows
a+p=e¢.

Comparing this result with (6) and (7), it follows that in the parabola case
& =0=tan" ' (myp,) —tan~" (myy,),

and so myy, = myz, and hence lines AF; and BF; are parallel, which is consistent with the
notion that the parabola’s other focus F; is at infinity.

N
Figure 2: Internal and external directed angles in relation to the line AB.



RWD Nickalls (2000) A conic theorem generalised 5

2 Directed angles and line segments

The power of directed line segments to unify certain areas of geometry has been well doc-
umented by Klein [3]. Similarly, it is useful in this context to regard certain angles as also
being directed, and to reference their direction in relation to that of a directed line segment
subtending the angles.

For the purposes of this article we shall adopt the rule that the direction of the internal
angle subtended by the directed line segment 1&5’) is in the same sense as the directed line
segment. For example, in Figure 2 the angle a is therefore considered to be clockwise and
6?2 is anticlockwise, and since they can both be viewed as having the same net effect it follows
that a = &2. Similarly, since the combination of &\I followed by &Z in the same direction

o e ~ N A
returns us to the initial position, it follows that oy + 0p = ¢ty — ap = O.

Using this idea, Figure 3 shows how we can generalise the rule to include the alternative
pairing of tangents from A and B to the conic. Simple geometry shows that in this particular
case

a+p=y-4. )

Note that this can also be derived by simply rearranging the right-hand side of (1) as follows.

atp = {tan_l(mz)tan_l(m3)}{tan_l(m4)tan_1(m1)} = y-o.

Figure 3:

Significantly, not only do ¥ and 6 have opposite signs in (9), but they are also on opposite
sides of the line AB, and have opposite angular directions in relation to that of the directed

2
line AB (see Figure 3). If we also adopt the rule that a true relationship between the absolute
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values of the angles is associated with a consistent angular direction (say, clockwise), then (9)
can be expressed as follows.

~ A Y e
o+ B=Y—-65.
¥\ m
Since § = — §, then this is equivalent to
~ Y 2
o+ B=Y+65.

Thus by viewing the angles as directed, and referencing angular direction relative to that
—

of the directed line AB, we are able to generalise and say that the sums of each pair of directed
angles are equal, as expressed in the following rule embracing all six angles:

—~

A+B=7V+5=¢ +6&.

3 Sign convention

We have therefore established a simple sign convention which allows the relationship between
the absolute values of the various angles to be easily determined in particular cases, as follows:

N
e Firstly, allocate an arbitrary direction to an appropriate line (say, AB).

e Secondly, give the subtended angles a direction in the same sense as the directed line,
and apply these directions to the rule

—~

A+B=Y+5=6+6.

o Thirdly, adjust the equation so that there is a consistent angular direction. The angular
directions can then be removed, leaving the correct relationship for the absolute values
of the angles.
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Figure 4:

For example, in the hyperbola case shown in Figure 4 the angles gf and @ are regarded as
)

being clockwise, and the angles 8 and f are anticlockwise. In this case applying these

angular directions to the rule o+ B = £+ & gives

A~ Y A A

o+ B=¢+¢&.

Rearranging to force a consistent angular direction (say, clockwise) gives
AN YA
o—p=e-g,

which now yields the correct relationship for this particular configuration as follows
a—fB=¢€—&.

In practice, although the subtended angles associated with the foci (&1, &) are clearly
defined, this is often not the case with regard to the angles associated with the tangents,
particularly with unusual configurations of line and conic. For example, if one end of the line
is on the curve, or the line passes through a focus, or is a tangent. In these situations, it is
often helpful to observe how the various angles and their directions change as the directed
line is moved from well outside the conic (as in Figures 1 or 4) to its final position.
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—
Figure 5 illustrates an interesting example where both ends of the directed line AB lie on
the curve. In this case, applying the theorem to the ellipse gives

AT SN
a+B=¢+e.

Rearranging to force a consistent clockwise orientation gives
~ Y o ~
o+ B =(360—¢)+ &,

oa+f = 360—¢ +¢&.

It follows that if the tangents are parallel (i.e. @ = § = 180), then &; = &;.

Figure 5:
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4 Examples’
Since this theorem highlights a fundamental conic relationship between lines, tangents and

foci, it can be used to prove the various tangent/focus properties more efficiently and succinctly
than the standard textbook methods, as shown in the following examples (see [1] also).

Example 1

The line joining the points of contact of parallel tangents to a circle is a
diameter.

PROOF (see Figure 6).

— ~N Y ~
Applying the theorem with respect to the line AB gives o + B=2 €.
Since @ = 8 =0 (mod 180°), then 2& = 0 (mod 180°), so € =0, £90°, £180° (mod 360°).
But 0 is excluded (A # B), as is £90° (the tangents are not mutually perpendicular), so
€ =180, i.e. AOB is a diameter.

Figure 6:

3By way of comparison, some references which deal more conventially with the configurations explored in
Examples 2 and 3, are as follows:
Richmond B and Richmond T (2009). How to recognise a parabola, Amer. Math. Monthly; 116, 910-922.
Gallego-Diaz J (1964). A characteristic of the parabola. Amer. Math. Monthly; 91, 1136-1137.
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Example 2

The circumcircle of the triangle formed by any three tangents to a
parabola passes through the focus.

PROOF* (see Figure 7).

—
Applying the theorem with respect to the tangent AB gives o +0 - + 0,
so o0 = €. Since both angles are subtended by AB, it follows that A, B, F, C lie on a circle.

Figure 7:

N
“If instead, we were to apply the theorem with respect to the line-segment CB, then, although it is not quite so

~ Fa) ~ N
obvious in this case, the two triangle-related subtended angles are actually Z ABC (= f8 ) and Z BCA (= a ) (to see
why just move BC away from the parabola slightly and redraw all the tangents, and then slowly move BC back towards

- 2
the parabola and watch where the included angles move to). The angle subtended at the focus is Z CFB (=g ).

R YRARNaY
Consequently, in this case we obtain: o + 8 =g + 0, i.e., we have @+ 8 = €. Since @+ 8 + /BAC = 180° it
follows that €] + ZBAC = 180°, and hence A, B, F,C lie on a circle, as before.
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Example 3

The locus of the foot of the perpendicular from the focus of a parabola
to a tangent is the tangent at the apex.

PROOF (see Figure 8).
Let ¢ be the tangent. Let B be the foot of the perpendicular to ¢ from the focus F. Let the
other tangent from B touch the parabola at A.

N

Applying the theorem with respect to the segment AB gives o +0 = 3 + 0. Thus
o = €. Since ot + y = 90, it follows that € + v = 90. Angle FAB is therefore a right angle,
and hence AB is the tangent at the apex of the parabola.

Figure 8:
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5 Conclusion

This theorem crystallised from some experimental observations [4, 5] in the area of vision
physiology—a rich source of interesting mathematical problems. Hopefully, this article gives
a flavour of the power of directed angles and brings to life a curious theorem, which can be
used to establish tangent-focus properties of conics via an unusual perspective.
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